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Abstract Using the properties of tensor spherical harmonics introduced by the
author in previous paper (Guseinov, Phys Lett A 372:44, 2007) and complete ortho-
normal scalar basis sets of nonrelativisticψα-exponential type orbitals (ψα-ETO),φα-
momentum space orbitals (φα-MSO) and zα-hyperspherical harmonics (zα-HSH) for
particles with spin s = 0 the new analytical relations for the quasirelativistic and
relativistic spinor wave functions and Slater spinor orbitals in coordinate, momentum
and four-dimensional spaces are derived, where α = 1, 0,−1,−2, . . . . The 2-compo-
nent quasirelativistic and 4-component relativistic spinor wave functions obtained are
complete without the inclusion of the continuum. The relativistic spinor wave function
sets and Slater spinor orbitals are expressed through the corresponding quasirelativistic
spinor wave functions and Slater spinor orbitals, respectively. The analytical formulas
for overlap integrals over quasirelativistic and relativistic Slater spinor orbitals with
the same screening constants in coordinate space are also derived.

Keywords Tensor spherical harmonics · Spinor wave functions · Slater spinor
orbitals · Overlap integrals

1 Introduction

It is well known that the solutions of the Schrödinger equation for the hydrogen-like
atom play a significant role in theory and application to quantum mechanics of atoms,
molecules and nuclei. However, the Schrödinger’s nonrelativistic hydrogen-like orbi-
tals and their extensions to momentum and four-dimensional spaces by Fock [1,2] are
awkward to use as basis sets because they are not complete unless the continuum is
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included. To achieve completeness, Hylleraas, Shull and Löwdin in Refs. [3–6] intro-
duced the so-called Lambda and Coulomb Sturmian functions for the particles with
spin s = 0 in coordinate space. The orthonormality and completeness properties of
Coulomb Sturmians have been studied by Weniger [7]. He has shown that such a set
forms basis of a Sobolev space. Avery and Antonsen [8] have developed method for
constructing relativistic one-electron Coulomb Sturmian basis set and discussed its
potential-weighted orthonormality relations obeyed by the members of such a set.

In Refs. [9–11] and [12] we have developed the method for constructing complete
orthonormal sets for tensor wave functions, and Slater tensor orbitals for particles with
spin s = 0 and s = 1/2, 1, 3/2, 2, . . . , respectively, in coordinate, momentum and
four-dimensional spaces. In this article, using these functions for s = 0 and s = 1/2
we obtain a large number of quasirelativistic and relativistic spinor wave functions
and Slater spinor orbitals in coordinate, momentum and four-dimensional spaces.

2 Quasirelativistic and relativistic spherical spinors

With the derivation of formulas for the sets of quasirelativistic and relativistic spinor
wave functions and Slater spinor orbitals for a particle with spin 1/2 in coordinate,
momentum and four-dimensional spaces we use the following eigenvalue equations
of spherical spinors (see Sect. 7.2. of Ref. [13]):

ĵ2�l
jm j
(θ, ϕ) = j ( j + 1)�l

jm j
(θ, ϕ) (1)

ĵz�
l
jm j
(θ, ϕ) = m j�

l
jm j
(θ, ϕ) (2)

l̂2�l
jm j
(θ, ϕ) = l(l + 1)�l

jm j
(θ, ϕ) (3)

ŝ2�l
jm j
(θ, ϕ) = 3

4
�l

jm j
(θ, ϕ), (4)

where

�l
jm j
(θ, ϕ) = Y l1/2

jm j
(θ, ϕ). (5)

Here, the Y l1/2
jm j

(θ, ϕ) is the tensor spherical harmonic of rank 1/2. Taking into account

Eq. 10 of Ref. [12] for s = 1/2 in (5) we can express the spherical spinors�l
jm j

through
the scalar spherical harmonics Ylml (θ, ϕ)

�l
jm j
(θ, ϕ) =

(
al

jm j
(0)Ylml (0)(θ, ϕ)

al
jm j
(1)Ylml (1)(θ, ϕ)

)
, (6)
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where ml(λ) = m j − 1
2 + λ, 0 ≤ λ ≤ 1 and

al
jm j
(λ) =

(
l
1

2
ml(λ)

1

2
− λ

∣∣∣∣l 1

2
jm j

)
(7)

The spherical spinors �l
jm j
(θ, ϕ) satisfy the orthonormality relationship, i.e.,

∫ π

0

∫ 2π

0
�l+

jm j
(θ, ϕ)�l ′

j ′m′
j
(θ, ϕ) sin θdθdϕ = δll ′δ j j ′δm j m′

j
. (8)

We notice that the spherical spinors�l
jm j
(θ, ϕ) are not eigenfunctions of the oper-

ators l̂z and ŝz . i.e., the quantum numbers ml and ms can not be used to characterize
them.

3 Quasirelativistic spinor wave functions and Slater spinor orbitals

In order to derive the formulas for quasirelativistic spinor wave functions and Slater
spinor orbitals in coordinate, momentum and four-dimensional spaces we use Eqs. 11
and 16 of Ref. [12] for s = 1/2. Then, finally we obtain: for spinor wave functions

K αl
n jm j

= K αl1/2
njm j

=
(

al
jm j
(0)kαnlml (0)

al
jm j
(1)kαnlml (1)

)
. (9)

K̄ αl
n jm j

= K̄ αl1/2
njm j

=
(

al
jm j
(0)k̄αnlml (0)

al
jm j
(1)k̄αnlml (1)

)
, (10)

for Slater spinor orbitals

K l
njm j

= K l1/2
njm j

=
(

al
jm j
(0)knlml (0)

al
jm j
(1)knlml (1)

)
, (11)

where

al
jm j
(λ) = al1/2

jm j
(λ) =

(
l
1

2
ml(λ)

1

2
− λ

∣∣∣∣l 1

2
jm j

)
. (12)
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Here n ≥ 1, 1/2 ≤ j ≤ n−1/2,−m j ≤ j ≤ m j , j −1/2 ≤ l ≤ min( j +1/2, n−1),
ml (λ) = m j − 1

2 + λ, 0 ≤ λ ≤ 1 and

K αl
n jm j

= ψαl
n jm j

(ζ, �r) , �αl
n jm j

(ζ, �k), Zαl
n jm j

(ζ, βθϕ) (13)

K̄ αl
n jm j

= ψ̄αl
n jm j

(ζ, �r) , �̄αl
n jm j

(ζ, �k), Z̄αl
n jm j

(ζ, βθϕ) (14)

kαnlml
= ψαnlml

(ζ, �r) , φαnlml
(ζ, �k), zαnlml

(ζ, βθϕ) (15)

k̄αnlml
= ψ̄αnlml

(ζ, �r) , φ̄αnlml
(ζ, �k), z̄αnlml

(ζ, βθϕ) (16)

K l
njm j

= Xl
njm j

(ζ, �r) , Ul
njm j

(ζ, �k), V l
njm j

(ζ, βθϕ) (17)

knlml = χnlml (ζ, �r) , unlml (ζ,
�k), vnlml (ζ, βθϕ) (18)

The quasirelativistic spinor wave functions and Slater spinor orbitals are orthogonal
with respect to the quantum numbers

(
n, l, j,m j

)
and

(
l, j,m j

)
, respectively, i.e.,

∫
K αl†

njm j
(ζ, �x)K̄ αl ′

n′ j ′m′
j
(ζ, �x) d �x = δnn′δll ′δ j j ′δm j m′

j
(19)

∫
K l†

njm j
(ζ, �x)K l ′

n′ j ′m′
j
(ζ, �x) d �x =

(
n + n′)!

[(2n)! (2n′)!]1/2 δll ′δ j j ′δm j m′
j
, (20)

where �x = �r , �k, βθϕ and d �x = d3�r , d3�k, d�(ζ, βθϕ).
The nonrelativistic scalar wave functions and Slater scalar orbitals satisfy the fol-

lowing orthogonality relations (see Ref. [11]):

∫
kα

∗
nlml

(ζ, �x)k̄αn′l ′m′
l
(ζ, �x) d �x = δnn′δll ′δml m′

l
, (21)

∫
k∗

nlml
(ζ, �x)kn′l ′m′

l
(ζ, �x) d �x =

(
n + n′)!

[(2n)! (2n′)!]1/2 δll ′δml m′
l
. (22)

4 Relativistic spinor wave functions and Slater spinor orbitals

For the construction of complete orthonormal sets of relativistic 4-component spinor
wave functions, and Slater spinor orbitals in coordinate, momentum and four-
dimensional spaces we use the quasirelativistic 2-component spinor wave functions(

K αl
n jm j

, K̄ αl
n jm j

and K α,l+t
n jm j

, K̄ α,l+t
n jm j

)
and Slater spinor orbitals

(
K l

njm j
and K l+t

n jm j

)
defined by Eqs. 9–11. Here, the parameter t may have the values ±1 and is deter-
mined from the relation j = l + 1

2 t , namely,

t =
{+1 for j = l + 1/2

−1 for j = l − 1/2
. (23)
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Then, we finally establish the following formulas through the quasirelativistic and
nonrelativistic functions: for relativistic wave functions

t K αl
n jm j

= 1√
2

⎛
⎝ K αl

n jm j

K α,l+t
n jm j

⎞
⎠ (24a)

= 1√
2

⎛
⎜⎜⎜⎜⎜⎜⎝

al
jm j
(0)kαnlml (0)

al
jm j
(1)kαnlml (1)

al+t
jm j
(0)kαn,l+t,ml (0)

al+t
jm j
(1)kαn,l+t,ml (1)

⎞
⎟⎟⎟⎟⎟⎟⎠

(24b)

t K̄ αl
n jm j

= 1√
2

⎛
⎝ K̄ αl

n jm j

K̄ α,l+t
n jm j

⎞
⎠ (25a)

= 1√
2

⎛
⎜⎜⎜⎜⎜⎜⎝

al
jm j
(0)k̄αnlml (0)

al
jm j
(1)k̄αnlml (1)

al+t
jm j
(0)k̄αn,l+t,ml (0)

al+t
jm j
(1)k̄αn,l+t,ml (1)

⎞
⎟⎟⎟⎟⎟⎟⎠
, (25b)

for relativistic spinor Slater orbitals

t K l
njm j

= 1√
2

(
K l

njm j

K l+t
n jm j

)
(26a)

= 1√
2

⎛
⎜⎜⎜⎜⎜⎜⎝

al
jm j
(0)knlml (0)

al
jm j
(1)knlml (1)

al+t
jm j
(0)kn,l+t,ml (0)

al+t
jm j
(1)kn,l+t,ml (1)

⎞
⎟⎟⎟⎟⎟⎟⎠
. (26b)

Thus, in coordinate, momentum and four-dimensional spaces we have two kinds
of independent complete orthonormal sets of relativistic spinor wave functions, and
relativistic Slater spinor orbitals. These functions satisfy the following orthogonality
relations:

∫
t K αl†

njm j
(ζ, �x)t ′ K̄ αl ′

n′ j ′m′
j
(ζ, �x) d �x = δnn′δll ′δ j j ′δm j m′

j
δt t ′ (27)

123



844 J Math Chem (2008) 44:839–848

∫
t K l†

njm j
(ζ, �x)t ′ K l ′

n′ j ′m′
j
(ζ, �x) d �x =

(
n + n′)!

[(2n)! (2n′)!]1/2 δll ′δ j j ′δm j m′
j
δt t ′, (28)

where α = 1, 0,−1,−2, . . .
As we see from the formulas presented in this work, all of the relativistic and quasi-

relativistic spinor wave functions and Slater spinor orbitals defined in coordinate,
momentum and four-dimensional spaces are expressed through the corresponding
nonrelativistic scalar functions. Thus, the expansion and one-range addition theorems
obtained in [11] for the ψα-ETO, φα-MSO, zα-HSH and χ -STO can be also used in
the case of relativistic and quasirelativistic spinor functions in coordinate, momentum
and four-dimensional spaces, respectively.

5 Evaluation of overlap integrals over quasirelativistic and relativistic
Slater spinor orbitals in coordinate space

As an example of application, we evaluate the two-center overlap integrals over quasi-
relativistic and relativistic Slater spinor orbitals with the same screening parameters
in coordinate space which are defined as for quasirelativistic Slater spinor orbitals

Sll ′
njm j ,n′ j ′m′

j

( �G
)

=
∫

Xl†

njm j
(ζ, �r)Xl ′

n′ j ′m′
j

(
ζ, �r − �R

)
d3�r , (29)

for relativistic Slater spinor orbitals

t t ′ Sll ′
njm j ,n′ j ′m′

j

( �G
)

=
∫

t Xl†

njm j
(ζ, �r)t ′ Xl ′

n′ j ′m′
j

(
ζ, �r − �R

)
d3�r , (30)

where �r = �ra, �r − �R = �rb, �R = �Rab, and �G = 2ζ �R. In order to evaluate these inte-
grals we use Eqs. 11 and 26b. Then, we obtain for integrals (29) and (30) the following
relations in terms of nonrelativistic overlap integrals:

Sll ′
njm j ,n′ j ′m′

j
( �G) = all ′

jm j , j ′m′
j
(0)snlml (0),n′l ′m′

l (0)
( �G)

+all ′
jm j , j ′m′

j
(1)snlml (1),n′l ′m′

l (1)
( �G) (31)

t t ′ Sll ′
njm j ,n′ j ′m′

j
( �G) = 1

2

[
all ′

jm j , j ′m′
j
(0)snlml (0),n′l ′m′

l (0)
( �G)

+ all ′
jm j , j ′m′

j
(1)snlml (1),n′l ′m′

l (1)
( �G)

+ al+t,l ′+t ′
jm j , j ′m′

j
(0)sn,l+t,ml (0),n′,l ′+t ′,m′

l (0)
( �G)

+ al+t,l ′+t ′
jm j , j ′m′

j
(1)sn,l+t,ml (1),n′,l ′+t,m′

l (1)
( �G)

]
, (32)
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where all ′
jm j , j ′m′

j
(λ) = al

jm j
(λ)al ′

j ′m′
j
(λ). The overlap integrals over Slater scalar orbi-

tals occurring on the right-hand side of Eqs. 31 and 32 are determined by

snlml ,n′l ′m′
l
( �G) =

∫
χ∗

nlml
(ζ, �r)χn′l ′m′

l
(ζ, �r − �R)d3�r (33a)

= {[2(n + α)]!/(2n)!}1/2

×
n+α∑
µ=l+1

n′∑
µ′=l ′+1

1

(2µ)α
ω̄αl

n+α,µω̄αl ′
n′µ′sαµlml,µ

′l ′m′
l
( �G), (33b)

where

sα
µlml ,µ

′l ′m′
l

( �G
)

=
∫
ψ̄α

∗
µlml

(ζ, �r)ψαµ′l ′m′
(
ζ, �r − �R

)
d3�r . (34)

See Ref. [9] for the exact definition of coefficients ω̄αl . Hence, overlap integral of
Slater scalar orbitals is given by a simple linear combination of overlap integrals over
scalar ψα-ETO. The analytical relations for the evaluation of nonrelativistic overlap
integrals (34) were obtained in [11].

The results of calculation in atomic units for the quasirelativistic and relativistic
overlap integrals over Slater spinor orbitals with the same screening parameters using
Mathematica 5.0 international mathematical software obtained for different complete
sets (α = 1, 0,−1) are presented in Tables 1 and 2. As can be seen from the tables that
the suggested approach guarantees a highly accurate calculation of the quasirelativistic
and relativistic overlap integrals.

The nonrelativistic, quasirelativistic and relativistic overlap integrals with the same
screening parameters play a significant role in the calculation of arbitrary multicenter
integrals arising in coordinate, momentum and four-dimensional spaces when Hartree-
Fock-Roothaan approximation is employed for the atomic and molecular systems.
Thus, the relations for the nonrelativistic two-center overlap integrals over ψα-ETO,
φα-MSO, zα-HSH and χ -STO can be used in the evaluation of multicenter integrals
over corresponding quasirelativistic and relativistic spinor wave functions and Slater
spinor orbitals. For this purpose, one has to use the expansion and one-range addition
theorems for scalar ψα, φα, zα and χ obtained in our previous papers.
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