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Abstract Using the properties of tensor spherical harmonics introduced by the
author in previous paper (Guseinov, Phys Lett A 372:44, 2007) and complete ortho-
normal scalar basis sets of nonrelativistic ¥*-exponential type orbitals (¢*-ETO), ¢* -
momentum space orbitals (¢“-MSO) and z*-hyperspherical harmonics (z*-HSH) for
particles with spin s = 0 the new analytical relations for the quasirelativistic and
relativistic spinor wave functions and Slater spinor orbitals in coordinate, momentum
and four-dimensional spaces are derived, where« = 1,0, —1, —2, .... The 2-compo-
nent quasirelativistic and 4-component relativistic spinor wave functions obtained are
complete without the inclusion of the continuum. The relativistic spinor wave function
sets and Slater spinor orbitals are expressed through the corresponding quasirelativistic
spinor wave functions and Slater spinor orbitals, respectively. The analytical formulas
for overlap integrals over quasirelativistic and relativistic Slater spinor orbitals with
the same screening constants in coordinate space are also derived.

Keywords Tensor spherical harmonics - Spinor wave functions - Slater spinor
orbitals - Overlap integrals

1 Introduction

It is well known that the solutions of the Schrodinger equation for the hydrogen-like
atom play a significant role in theory and application to quantum mechanics of atoms,
molecules and nuclei. However, the Schrodinger’s nonrelativistic hydrogen-like orbi-
tals and their extensions to momentum and four-dimensional spaces by Fock [1,2] are
awkward to use as basis sets because they are not complete unless the continuum is
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included. To achieve completeness, Hylleraas, Shull and Léwdin in Refs. [3—6] intro-
duced the so-called Lambda and Coulomb Sturmian functions for the particles with
spin s = 0 in coordinate space. The orthonormality and completeness properties of
Coulomb Sturmians have been studied by Weniger [7]. He has shown that such a set
forms basis of a Sobolev space. Avery and Antonsen [8] have developed method for
constructing relativistic one-electron Coulomb Sturmian basis set and discussed its
potential-weighted orthonormality relations obeyed by the members of such a set.

In Refs. [9—-11] and [12] we have developed the method for constructing complete
orthonormal sets for tensor wave functions, and Slater tensor orbitals for particles with
spins = 0 and s = 1/2,1,3/2,2, ..., respectively, in coordinate, momentum and
four-dimensional spaces. In this article, using these functions fors = 0 and s = 1/2
we obtain a large number of quasirelativistic and relativistic spinor wave functions
and Slater spinor orbitals in coordinate, momentum and four-dimensional spaces.

2 Quasirelativistic and relativistic spherical spinors

With the derivation of formulas for the sets of quasirelativistic and relativistic spinor
wave functions and Slater spinor orbitals for a particle with spin 1/2 in coordinate,
momentum and four-dimensional spaces we use the following eigenvalue equations
of spherical spinors (see Sect. 7.2. of Ref. [13]):

7, 0.9) = j( + DR, 0,9) (1)
Je 0, 9) = m QL (60, 9) )
2 ol _ i
17€25,,,0, ) = 11 + 1)$2;, (6, 9) 3)
2l 0.9) =22, 6.9) )
Jmj O O = g3 jm (5 ),
where
l _ yll2
@, 0.0) =Y, 9). 5)
Here, the Y Jl :n/jz (0, @) is the tensor spherical harmonic of rank 1/2. Taking into account
Eq. 10of Ref. [12] fors = 1/2in (5) we can express the spherical spinors Qljmj through

the scalar spherical harmonics Y, (6, @)
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where m;(A) =m; — 3 +1,0 <A < land
a0y = (12moyt —aliljm, @)
im0 =\ T AR

The spherical spinors Qljmj (0, @) satisfy the orthonormality relationship, i.e.,

T 2
+ / .
/O /O s, 0, 912, 0, 9) 5 010 = 818578, ®)

We notice that the spherical spinors Qljm,- (6, @) are not eigenfunctions of the oper-

ators [, and §;. i.e., the quantum numbers m; and m; can not be used to characterize
them.

3 Quasirelativistic spinor wave functions and Slater spinor orbitals

In order to derive the formulas for quasirelativistic spinor wave functions and Slater
spinor orbitals in coordinate, momentum and four-dimensional spaces we use Egs. 11
and 16 of Ref. [12] for s = 1/2. Then, finally we obtain: for spinor wave functions

[
Kol — gell/2 _ “{m.f Ok, 0) ©
njmj e ajmj(l)kglmz(l)
. _
gel = gl _ ;s Ok 0) (10)
R R @, (D 1)

for Slater spinor orbitals

1
Kl- _ Kll./2 _ a{mj (O)knlml(o) (11)
njm;j njm ajmj(l)knlmz(l)
where
Ly =d"20) = (12wt 2|1 jm, -
Gjmj ) = jmy ) =\ M5 ")
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Heren > 1,1/2<j<n—-1/2,—m; < j <mj, j—1/2 <1 <min(j+1/2,n—1)
ml(k)zmj—%—i—)», 0<A<land

Kyt = Vi ,1,,,,] @ P, P, @R, 7, (€ BO9) (13)
Kot = Uit © 7). O30, (600, Z3,, (¢, BOY) (14)
o = Vel € 7). O (), 2, (£ BOP) (15)
Ky = Vet (7)o Bl (€K 3%, (2, BOY) (16)
Khim, = Xojm, @ 7)., Ul €0, Vi, (€, BOR) (17)
Kntmy = Xntmy (62 F) 2ttty (€. K). Vntm, (£, BOY) (18)

The quasirelativistic spinor wave functions and Slater spinor orbitals are orthogonal
with respect to the quantum numbers (n, L, j,m j) and (l, j.m j), respectively, i.e.,

/Kl(qlem e X)Knjm, (¢, x)dx = 8nn’81l’8”’5m m 19)

o__ (ntn)!

It T -
/Kn]m «, X)K ', (&, x)dx = W&l 3jj 8mjm ; (20)

where X = 7, k, B0¢ and dx = d°F, d°k, d2 (¢, BOg).
The nonrelativistic scalar wave functions and Slater scalar orbitals satisfy the fol-
lowing orthogonality relations (see Ref. [11]):

/ nimy (C )C)ka,l, / (; X) d-x - 8nll/(sll/8m]m 5 (21)

n+n
(n + ! SO0 S . (22)
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4 Relativistic spinor wave functions and Slater spinor orbitals

For the construction of complete orthonormal sets of relativistic 4-component spinor
wave functions, and Slater spinor orbitals in coordinate, momentum and four-
dimensional spaces we use the quasirelativistic 2-component spinor wave functions

(K,‘fjlm ,K,‘;‘Jlm and K;fjﬁ;“t, ngﬁnt’) and Slater spinor orbitals (K,lljm and K;lJrZ )

defined by Eqgs. 9-11. Here, the parameter ¢ may have the values £1 and is deter-
mined from the relation j = [ + %t, namely,

|41 forj=1+1/2

[—1 forj=1-1/2" (23)
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Then, we finally establish the following formulas through the quasirelativistic and
nonrelativistic functions: for relativistic wave functions

o

t ol njmj
Kajm; = 75 | gttt (24a)
njm;

-

aﬁ-mj Ok, 0)
| aémj (nglmz(l)
E ai-j;,tj (O)kg,lﬂ,m/(o)
ai»;tj (DY

(24b)
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I+t 7
Djm; (l)k3,1+t,m1(l)

(25b)

for relativistic spinor Slater orbitals

1
Khin, = 5 (i ) 260
i
@5 (Ot (0)
1 aﬁ.m‘/_ (Dkpim (1)

T V2| @ Ok temi0)

I
aj;tj (Dkni41,m (1)

(26b)

Thus, in coordinate, momentum and four-dimensional spaces we have two kinds
of independent complete orthonormal sets of relativistic spinor wave functions, and
relativistic Slater spinor orbitals. These functions satisfy the following orthogonality
relations:

+ ot Sol - -
/ Kot (€. 5 Kg’lj’m/j (&, %) dX = 8y 81178 Oy ! O1v/ (27)
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(n+n)!

W Sudjj 5m im' Sy (28)

/ n]m (;- x)t Kl/ i'm ! (; )

wherea = 1,0, —1, -2, ...

As we see from the formulas presented in this work, all of the relativistic and quasi-
relativistic spinor wave functions and Slater spinor orbitals defined in coordinate,
momentum and four-dimensional spaces are expressed through the corresponding
nonrelativistic scalar functions. Thus, the expansion and one-range addition theorems
obtained in [11] for the ¥*-ETO, ¢*-MSO, z*-HSH and x-STO can be also used in
the case of relativistic and quasirelativistic spinor functions in coordinate, momentum
and four-dimensional spaces, respectively.

5 Evaluation of overlap integrals over quasirelativistic and relativistic
Slater spinor orbitals in coordinate space

As an example of application, we evaluate the two-center overlap integrals over quasi-
relativistic and relativistic Slater spinor orbitals with the same screening parameters
in coordinate space which are defined as for quasirelativistic Slater spinor orbitals

i > It =\ vl - B\ 3=
i (6) = / X, @ DXL (67— R) a7, (29)

for relativistic Slater spinor orbitals

" szljmj,n’j’m/j (G) = / njm; @, )t sz’j’m’] (é" F - R) d3;’ (30)

>

where 7 = 7y, F — R = 75, R = ﬁab, and G = 2{&. In order to evaluate these inte-
grals we use Egs. 11 and 26b. Then, we obtain for integrals (29) and (30) the following
relations in terms of nonrelativistic overlap integrals:

I
S o (G) = a]m !, Ot 0), n’l’m,(O)(G)

njm; ' jim'

i
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where a]m g, A) = a (A)a ot (1). The overlap integrals over Slater scalar orbi-

tals occurring on the rlght hand 51de of Egs. 31 and 32 are determined by

Snim, i (G) = / Kot &) Yoy (€. 7 = R)AF (33a)
={[2(n + oz)]!/(zn)!}l/Z
n+ao n'
~al —al’ -
) Z Z (u)“ ;X’J”"M Zlu ;Ojlmlvﬂ/lfm;(G), (33b)
u=l+1 w'=r+1
where
- . . o
szlm/,;uz/m; (G) = / Viiim, (€ r)wg,l,m, (;“, r— R) d’r. (34)

See Ref. [9] for the exact definition of coefficients &*!. Hence, overlap integral of
Slater scalar orbitals is given by a simple linear combination of overlap integrals over
scalar *-ETO. The analytical relations for the evaluation of nonrelativistic overlap
integrals (34) were obtained in [11].

The results of calculation in atomic units for the quasirelativistic and relativistic
overlap integrals over Slater spinor orbitals with the same screening parameters using
Mathematica 5.0 international mathematical software obtained for different complete
sets (@ = 1, 0, —1) are presented in Tables 1 and 2. As can be seen from the tables that
the suggested approach guarantees a highly accurate calculation of the quasirelativistic
and relativistic overlap integrals.

The nonrelativistic, quasirelativistic and relativistic overlap integrals with the same
screening parameters play a significant role in the calculation of arbitrary multicenter
integrals arising in coordinate, momentum and four-dimensional spaces when Hartree-
Fock-Roothaan approximation is employed for the atomic and molecular systems.
Thus, the relations for the nonrelativistic two-center overlap integrals over ¥“-ETO,
¢“-MSO, z%-HSH and x-STO can be used in the evaluation of multicenter integrals
over corresponding quasirelativistic and relativistic spinor wave functions and Slater
spinor orbitals. For this purpose, one has to use the expansion and one-range addition
theorems for scalar %, ¢%, z% and x obtained in our previous papers.

References

V.A. Fock, Z. Phys. 98, 145 (1935)

V.A. Fock, Kgl Norske Videnskab Forh. 31, 138 (1958)
E.A. Hylleraas, Z. Phys. 54, 347 (1929)

H. Shull, P.O. Léwdin, J. Chem. Phys. 23, 1362 (1955)
P.O. Lowdin, H. Shull, Phys. Rev. 101, 1730 (1956)
E.A. Hylleraas, Z. Phys. 48, 469 (1928)

E.J. Weniger, J. Math. Phys. 26, 276 (1985)

J. Avery, F. Antonsen, J. Math. Chem. 24, 175 (1998)
LI Guseinov, Int. J. Quantum Chem. 90, 114 (2002)
LI Guseinov, J. Mol. Model. 12, 757 (2006)

W N =

SO XNAn e

—

@ Springer



848 J Math Chem (2008) 44:839-848

11. LI Guseinov, J. Math. Chem. 42, 991 (2007)

12. LI Guseinov, Phys. Lett. A (2007), doi:10.1016/j.physleta.2007.07.005

13. D.A. Varshalovich, A.N. Moskalev, V.K. Khersonskii, Quantum Theory of Angular Momentum (World
Scientific, Singapore, 1988)

@ Springer


http://dx.doi.org/10.1016/j.physleta.2007.07.005

	Unified treatment of complete orthonormal sets of nonrelativistic, quasirelativistic and relativistic sets of spinor wave functions, and Slater spinor orbitals in coordinate, momentum and four-dimensional spaces
	Abstract
	1 Introduction
	2 Quasirelativistic and relativistic spherical spinors
	3 Quasirelativistic spinor wave functions and Slater spinor orbitals
	4 Relativistic spinor wave functions and Slater spinor orbitals
	5 Evaluation of overlap integrals over quasirelativistic and relativisticSlater spinor orbitals in coordinate space
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /ENU <>
    /DEU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [5952.756 8418.897]
>> setpagedevice


